ABSTRACT The constellation-to-ground coverage problem is a basic and important problem in satellite applications. The grid-point approach (GPA) is one of the most commonly used approaches to solving this problem. However, this approach also has some serious drawbacks. A group of strategies that can improve or overcome the drawbacks of this approach are proposed. The spatial and temporal characteristics of the GPA were analyzed, and a strategy that can compute the upper and lower bounds of the result was given. This strategy can not only acquire the result but can also yield the error range of the result. In addition, a strategy that uses low-precision results to compute a high-precision result is proposed. Simulation experiments of different types of coverage problems were conducted, and the results show that these strategies are effective.
tion [20] ). Each of which has its own particular configuration characteristics, such as the spatial symmetry [21] , [22] , the common-track [20] , regressive orbit [23] , and the polar orbit [24] . The proper usage of these characteristics can greatly improve the effectiveness of the constellation and increase the computational efficiency. Owing to the different requirements of the spatial and temporal factors for different practical applications, constellation-to-ground coverage problems are different. It obvious that the timeliness requirements is critical in the navigation and communication applications, and the spatial resolution is also important in the remote sensing applications. Hence, the concept of continuous coverage problems [8] , [25] and discontinuous coverage problems [24] , [26] are raised accordingly. Therefore, different constellation-to-ground coverage problems have different characteristics and different strategies for achieving a solution.
To the state-of-the-art, there are three typical methods are put forward for the constellation-to-ground problem, including the grid-point method [27] , the street-ofcoverage method [28] [29] [30] [31] , and the triangle subdivision method [17] , [32] . In simplifying the phase information, the street-of-coverage method is put forward for resolving the continuous coverage problem and can give an approximate analytic relationship between the coverage region and the constellation configuration, so as to guide the constellation design. The analytic triangle subdivision method is innovatively be proposed in [18] and [19] . It can quickly judge whether the constellation can accomplish the simultaneous complete coverage for the Earth's surface, but the coverage rate for some complicate ground regions cannot be obtained. In addition, some mathematical strategies have been applied in the constellation-to-ground coverage problem, such as the probability statistics [33] , the differential quadrature method [34] , the transformation-groupbased technique [21] , [22] , the polyhedron surrounding method [35] , the auxiliary-space-based technique [26] , [36] , and the numerical fitting method [37] . These mathematical strategies can be used in part of the three typical methods mentioned above, which can significantly improve the computation efficiency. However, all of these methods have a essential restrictions in that they can only work in some certain conditions and can only solve some certain problems.
Among all of the proposed methods, the grid-point approach (GPA) is the most commonly used. It was first proposed by Morrison in 1973 [27] . The greatest advantage of GPA is that this approach has a wide response domain, which means that GPA can solve nearly all coverage problems. However, the GPA has some serious drawbacks; for example, the efficiency of the approach will become very low with increase of the requirement of a higher computational accuracy, and the error range of the result also cannot be easily obtained. Although the GPA can solve nearly all types of coverage problems, because of these drawbacks, its practical application is greatly restricted. Actually, these drawbacks of GPA are in fact not inevitable. The drawbacks of the GPA are usually come from the certain strategies used in this approach rather than the framework of GPA itself. Therefore, in this paper, we focus on improving the GPA to overcome these drawbacks. By replacing the strategies with new effective strategies. Computational results investigate the high computational efficiency of the GPA in obtaining the strict error range of the coverage capacity. Computational results investigate the high computational efficiency of the improved GPA in obtaining the strict error range of the coverage capacity.
Therefore, in this paper, we focus on improving the GPA to overcome these drawbacks. An algorithm framework for solving coverage problem of constellation to ground region is first provided. Based on the division of ground region, the temporal and spacial characteristics for each division of the ground region is analyzed, and approach to computing the upper and lower bounds of the coverage problem is put forward. This algorithm framework can provide reference for the design of other coverage calculation approach. It is also beneficial to employ this method in terms of improving the efficiency of computing coverage problem, improving the precision of the obtained computing results, providing foundation for the developments of satellite constellation design problems and constellation scheduling problems. Computational results investigate the high computational efficiency of the GPA in obtaining the strict error range of the coverage capacity.
The reminder of this paper is organized as follows: Section 2 introduces the basic concepts and process of the traditional grid point approach. Section 3 provides a detailed description of the improved strategies of GPA, including the spatial and temporal characteristics of the net grid, and the accurate calculation based on the coverage boundaries. In section 4, three kinds of experiments on the instantaneous coverage problem, continuous coverage problem and accumulative coverage problem are conducted. Finally, a summary and our conclusions are provided in Section 5.
II. TRADITIONAL GRID POINT APPROACH
The classical description of GPA is based on the uniform sampling theory, while this paper provides a new description of GPA based on the regional division theory to present the improvement of the GPA algorithm. In addition, for the computation of the coverage rate, the traditional GPA is denoted as the ratio of the number of the covered points to the number of the total points, namely Monte-Carlo, which lead to a deviation between the calculated value and the real value. In this section, the computational method of coverage rate is given based on the measure theory.
A. COVERAGE GEOMETRY PROPERTIES OF THE SATELLITE AND THE GROUND POINTS
The basic coverage geometry properties of the satellite and the ground points are presented in figure 1 . In Figure 1 , S stands for a satellite and O stands for the center of the earth. E 1 and E 2 are the boundary points of the satellite coverage 44446 VOLUME 6, 2018 range. Let the radius of the Earth be R E , and let the altitude of the satellite be h. Denote the sensor beam angle by β, and let the corresponding geocentric angle be α. Then, by simple geometric relationships,
For any ground point denoted by P, if
then P can be covered by the satellite, such as p in Figure 1 ; otherwise, P cannot be covered by the satellite, such as q in Figure 1 .
B. BASIC PROCESS OF GPA
GPA is one of the most commonly used approaches for solving constellation-to-ground coverage problems. The main idea of this approach is discretization, which is the process of dividing a continuous object into a group of discrete objects and then calculate the characteristics of these discrete objects to express the characteristics of the coverage problem. GPA examines two characteristics: spatial characteristics and temporal characteristics. Spatial characteristics represent the influence of spatial elements on the coverage problem, and temporal characteristics represent the influence of time elements on the coverage problem. The spatial characteristics and temporal characteristics of GPA will be discussed in detail in the following sections.
For a coverage problem, two types of objects need to be discretized: space and time. The discretization of space means discretizing the ground region into a group of grid points according to region discretization strategies, and the discretization of time means discretizing a time range into a set of time points.
For traditional GPA, the process is as shown in Figure 2 , and the basic steps are as follows:
Step 1: For ground region R, the minimum longitude and latitude box that can completely contain R is found (the longitude and latitude box corresponds to the blue rectangle in figure 2 -(b)).
Step 2: Given a space partition precision ε and the chosen sampling strategy, a group of feature points are chosen and are called grid characteristic points, which are denoted by {N k } where k = 1, 2, · · · , n R . ( {N k } corresponds to the red and green dot in figure 2 -(c)).
Step 3: For every grid characteristic point belonging to {N k }, whether this point belongs to the ground region R is evaluated. The set of all grid characteristic points that belong to R is written as {N k }. ({N k } corresponds to the green dots in Figure 2 -b), while the red dots represent the grid characteristic points that do not belong to R.
Step 4: For every grid characteristic point belonging to {N k }, whether this point can be covered by the constellation C is evaluated. The set of all grid characteristic points that covered by constellation C is written as {Ñ k }. ({Ñ k } corresponds to the black dots in 2-(c)), while the red circles stand for the coverage region of constellation C.
Step 5: The number of {Ñ k } and {N k } is counted, and then the ratio of these values is regarded as the coverage rate.
This process of GPA does not address temporal characterization. Temporal characterization is hidden in step 5, the process of judging whether a grid characteristic point can be covered by the constellation. The basic approach for solving the temporal characterization is also discretization. For traditional GPA, the basic steps of the discretization of the temporal element are as follows:
If the coverage problem is a non-instantaneous coverage problem, such as a continuous coverage problem or an accumulative coverage problem, then the process of judging whether a grid characteristic point can be covered by the constellation C comprises the following steps:
Step 1: Given a time partition precision corresponding to time interval t, a group of time points t 0 , t 1 , · · · , t n can be obtained form the time interval [t S , t E ], where t S = t 0 , t E = t n , and t k − t k−1 = t for any k = 1, 2, · · · , n.
Step 2: For any time point t k , the coverage state of every grid characteristic point belonging to {N k } is checked for whether the point can be covered by the constellation C at the current time.
Step 3: The coverage characteristic of all time points are estimated, statistics are calculated for these time points, and then the temporal characteristics of the constellation-toground region can be obtained.
C. COMPUTING THE COVERAGE RATE
The calculation of the coverage rate of the constellation-toground region is the most common coverage problem. Let C be a constellation, and let C be the coverage range of constellation C at a certain time or time period. Let m[·] be the areal measure, which can measure the area of a ground region. Then, the coverage rate of the constellation C to the ground region R, which is denoted by η, is defined as follows:
When using GPA to solve for the coverage rate, the calculation formula is translated into the following equation:
where γ k and δ k are the characteristic functions of the relationship between the grid characteristic point and ground region or constellation, respectively. Then, the definitions of γ k and δ k are as follows:
Then, we can see that when calculating coverage problems, a grid characteristic point has two important relationships, including the relationship with the ground region and the relationship with the constellation. The calculation of the two relationships is the core problem in GPA, and the main task in solving coverage problems is dealing with these two relationships. Thus, later in this paper, nearly all our work focuses on these two relationships.
D. DRAWBACKS OF THE TRADITIONAL GPA
The process of GPA is essentially a Monte Carlo process. According to basic probability statistics, the relationship between the number of sample points and the absolute error is as follows:
where ε and n stand for the absolute error of the result and the count of the sample points, respectively, and κ represents the double-sided quantiles of the standard normal distribution. When ε = 2.58, which means the confidence coefficient is equal to 99%, the relationship between the number of sample points and the absolute error is as in Figure 3 . Then, per Figure 3 , we can see that when the error requirement is 0.1%, more than one million sample points are needed, and when the error requirement is 0.01%, more than 100 million sample points are needed. The sample size grows exponentially as the calculation accuracy increases. Thus, the first drawback is that the traditional GPA method has great temporal and spatial complexity when high computational accuracy is required.
If a region R k is completely contained in R, then any grid characteristic point belonging to R k must belong to R. Similarly, if R k is completely covered by the constellation C, then any grid characteristic point belonging to R k must be covered by C. However, in traditional GPA, we should check the state of every grid characteristic point; thus, tremendous computational resources are wasted. During temporal characterization, there are also some computational process that can be omitted, which we will discuss later. Thus, the second drawback is that the traditional GPA method has many unnecessary calculations, greatly reducing the computational efficiency.
When calculating, the traditional GPA, the Eq. 4 is used to obtain the coverage rate. However, the result obtained by the Eq. 4 is only an approximation. Comparing the equations 3 and 4, it can be seen that these two equations have deviation, meaning that the result obtained by Eq. 4 does not equal the result obtained by Eq. 3, even though the number of grid characteristic points approaches infinity. The essential reason for this deviation is that traditional GPA uses a group of grid characteristic points to represent the ground region because the union of the grid characteristic points isn't equal to the ground, no matter what the number of grid points is. This feature represents the third drawback of the traditional GPA. From the point view of computing methods, this drawback is negligible, because GPA can obtain an approximate value. However, from the point view of algorithmic principle, this drawback is the most fatal.
A better choice is to use a group of net grids to represent the ground region. Because the union of the net grids is equal to the ground region when the count of the net grids approaches infinity, these net grids can represent all the characteristics of the ground region. Additionally, the characteristics of a net grid are easy to obtain. According to the drawbacks of the traditional GPA, we propose an improvement on GPA that overcomes these drawbacks.
III. THE IMPROVEMENT OF GPA
In the improved GPA, we take into account the concept of net grids, rather than the grid characteristic points to calculate the coverage capacity. That is to say, in the improved GPA, the basic unit we analyzed is the whole net grid. The net grid is defined as a spherical rectangular region unit generated by the intersection of adjacent latitudes and longitudes. It can be expressed as
where θ P and φ P represent the longitude and latitude of spherical point P, respectively. The θ 1 , θ 2 , φ 1 and φ 2 are four real numbers that represent the longitudes and latitudes of the ground region. The basic implication procedure of the improved GPA can be divided into three steps: 1) to partition the ground region into a group of net grids, written as {R k }, where k = 1, 2, · · · , N R . 2) to analyze the characteristics of every net grid. 3) to obtain the coverage characteristics of the ground region according to the characteristics of the net grids.
A. PARTITION OF THE GROUND REGION
In the traditional GPA, there are several classical partition methods, such as with equal interval of latitude and longitude, with equal distance, and with equal area of division region strategies. The procedure of partitioning the ground region is an important process in traditional GPA, and the choice of partition strategy will have an impact on the result. However, in the improved GPA, because the basic unit that we analyzed is not a net point but a net grid region, the partition strategy will have negligible influence on the result. The schematic of the partition for a ground region is presented in Figure 4 . All the classical partition strategies can be used here.
A net grid has two primary characteristics: the spatial characteristics and the temporal characteristics. We will discuss these characteristics in detail.
B. NET GRID STATE DETERMINATION
A net grid and the ground region are both spherical two-dimensional regions, three different relationships arise between a net grid and the ground region, including ''the region completely contains the grid'', ''the region partly contains the grid'' and ''the region does not contain the grid''. Let R be a ground region and R k be one of a net grid. Then, we define the symbol for ''partly contained'' as | , which means that the A | B indicates set A is partly contained by set B. The three corresponding relationships can be expressed as R k ⊂ R, R k | R and R k ⊂ R C , where R C means the complementary set of R relative to globe. These three types of relationships are called the grid-region state. The gridregion state between the net grid R k and the ground region R is written as F 1 (R k , R). The strict definitions of these three states are given as follows:
• The condition ''the ground region completely contains the net grid'' means that every point belonging to the the grid must belongs to the ground region, and this condition can be expressed by the expression:
• The condition ''the ground region doesn't contain the net grid'' means that if there is a point belongs to a net grid, then it will not belong to the ground region. This condition can be expressed by the expression:
• The condition of ''the ground region partly contains the net grid'' means that for a singular net grid, some points belong to the ground region and others do not belong to the ground region, and this condition can be expressed by the expression: Figure 5 shows that the schematic of the grid-region state. In which the polygon stands for the ground region, and the green grid, yellow grid and red grid indicate the status of ''the ground region completely contains the net grid'', ''the ground region partly contains the net grid'', and ''the ground region does not contain the net grid'', respectively.
Similarly, by taking into account the time factor of a whole simulation period, these three status can be extended over time. Let C (t) be the instantaneous coverage range of constellation C at time t. Then, these three relationships can be expressed by R k ⊂ C (t), R k | C (t) and R k ⊂ ( C (t)) c . The relations are called the grid-constellation state. The gridconstellation state between the grid R k and the constellation C is written as F 2 (R k , C, t).
Functions F 1 and F 2 are called state determination functions. The process for determining the grid-region state the grid-constellation state is called state determination.
C. TEMPORAL CHARACTERISTICS OF THE GRID-CONSTELLATION STATE 1) CONCEPT ANALYSIS OF TEMPORAL CHARACTERISTIC
When calculating the grid-constellation state, the temporal characteristics are always involved. The typical coverage problems that require a temporal characteristic analysis are continuous coverage problems and accumulative coverage problems.
The instantaneous coverage is the basic feature of the coverage of a constellation, which reflects the coverage capacity at a fixed time point. On this basis, two common types of coverage problems, the continuous coverage problems and the accumulative coverage problems, are usually considered in terms of time characteristics.
The continuous coverage needs to service the ground region uninterrupted in the simulation period, thus satisfying the application requirements of communications, navigations, and continuous observation. The accumulative coverage denotes the complete coverage to the ground region within a time interval, which is usually considered in the applications of resource exploration, remote sensing, weather forecast and other types of surveying and mapping tasks. The specific definitions of these two types of coverage problems can be presented as follows:
Definition 1 (Continuous Coverage): Let [t S , t E ] be a time interval and P be a point in ground region R. For all t ∈ [t S , t E ], if there exists at least one satellite S belonging to constellation C such that S can cover P at t, we indicate that C can continuously cover P in time interval [t S , t E ]. Furthermore, if it is also established for all P ∈ R, then, we indicate that C can continuously cover R in time interval
Definition 2 (Accumulative Coverage): Let [t S , t E ] be a time interval and R be a ground region. For all P ∈ R, if there exists a time point t where t ∈ [t S , t E ], and a satellite S belonging to constellation C such that S can cover P at t, then the constellation C can accomplish the accumulative coverage for ground region R in time interval [t S , t E ].
Then, we denote the continuous coverage region of
, and denote the accumulative coverage region of
Then, we can express the state that C can continuously or cumulatively cover P in time interval [t S , t E ] by sym-
can express that C can continuously and cumulatively cover R k in time interval [t S , t E ], respectively.
Most of the methods discretize the time interval [t S , t E ] into a series of time points {t k } to analyze the temporal characteristics of the coverage capacity problem. However, the characteristic at a time point cannot completely represent the characteristics of a time interval, even for the high partition precision of time interval. Similar with the concept in which grid characteristic points are replaced by net grids in the former subsection, the basic analytic object of temporal characteristics is a small piece of time interval denoted by [t k−1 , t k ] instead of a time point t k .
According to Eq. 11 and Eq. 12, the following equations hold:
Therefore, for continuous and accumulative coverage problems, the crucial is the calculation and expression of the
The state of a grid at a certain time is easy to determine. Since the ground trajectories of satellite are the complicate non-linear function over the time interval, it is very different to express and calculate the
It results in the grid-constellation state difficult to determine.
Consider two ground ranges denoted by inf C and
c . We can then indirectly obtain the grid-constellation state for continuous and accumulative coverage problems. The core problem for calculating and expressing the range of C is to obtain the proper inf C and sup C .
2) COVERAGE BOUNDARY
For continuous coverage problems, we construct two regions denoted by 
Because the sup C and inf C are easily calculated, the relationship between R k and sup C or inf C can be obtained easily. Hence, the state determination of the grid relative to the constellation can be obtained. Then, the state of non-instantaneous coverage problems can be determined computationally.
According to this strategy, in some conditions, the state
c may be mistakenly judged as R k | C , but due to the second condition of the definition of LUCR and GLCR, when t is sufficiently small, the number of mistakenly judged cases will greatly reduced.
Therefore, it is important to give a proper tighten LUCR and GLCR for the continuous coverage problem and the accumulative coverage problem.
3) CONTINUOUS COVERAGE
For the continuous coverage problem, according to the basic conclusion of the set theory, the following equation holds:
When t is very small, the track of sub-satellite points on the surface of the Earth is nearly a geodesic line. Supposing that the instantaneous coverage range of a single satellite is a convex domain, then the following equation holds:
It is easy to be proved with the local coordinate transformations and the property of convex domains defined on a manifold. Additionally, according to the basic conclusion of the set theory, it satisfies that
Combining with Eq. 1, we can obtain the following equations: Then, the
, and we denote
The schematic diagram of the LUCR and GLCR of
is presented in Figure 6 with satellite carrying simple conic sensor, even the coverage problem for satellites carrying other shape sensor can also be solved in the same way. The red graph and the green graph stand for S (t k−1 ) and S (t k ), respectively. The green graph corresponds to 
4) ACCUMULATIVE COVERAGE
For the accumulative coverage problems, according to the basic conclusion of the set theory, the following equation holds:
, and we denote that
However, the LUCR of accumulative coverage problem is difficult to find. At present, we have not found a universal LUCR for accumulative coverage problem. Whereas a LUCR for accumulative coverage problem where the instantaneous coverage range of a satellite is a spherical circle has already VOLUME 6, 2018 been found. In this paper, we only discuss the LUCR of accumulative coverage problems in this condition.
Considering a satellite for which the instantaneous coverage region is a spherical circle at any time, a minimal spherical disk that can cover S (t k−1 ) and S (t k ), which is denoted by S (t k−1 , t k ), it can easily be proven that
Therefore, the S∈C S (t k−1 , t k ) is a LUCR for accumulative coverage problems if the instantaneous coverage range of a satellite is a spherical circle.
is presented in Figure 7 . The red circle and the green circle stand for S (t k−1 ) and S (t k ), respectively. The green circle corresponds to inf
, and the blue circle that covers only the red circle and the green circle corresponds to
Therefore, the LUCR and GLCR of C ([t S , t E ]) are as follows:
5) STATE DETERMINATION OF A NET GRID
On the basis mentioned above, if
However, the state of ''partly covered'' is an uncertain state and will result in computing errors. Thus, we investigate to convert this state into a certain state. There are two approaches to achieving it. On one hand, we divide the time interval into small pieces with higher partition precision, it leads to the tighter boundary value both of inf C and sup C . It is shown in Figure 8(a) . On the other hand, we can divide the ground region into a group of smaller net grids with higher partition precision, the effect of which is shown in Figure 8(b) .
These two approaches can be executed simultaneously. We can set a empirical value ξ . If ξ < m[R k ]/ t, then we will shorten the time interval; otherwise. otherwise, the net grid will be further divided into a group of smaller net grids.
D. RECURSION STRATEGY FOR INCREASING CALCULATION PRECISION
As shown in the previous section, the traditional GPA exhibits a low computational efficiency and little reliability of the results. Thus alternative methods are needed for large target areas when high accuracy is required.
In practice, on one hand, the functional relationship between the partition precision and the error of the computing result is difficult to determine. The proper partition precision cannot be easily obtained. On the other hand, in some cases, the state of the net grid precision can be computed with high in batch or does not need to be computed at all. Therefore, for the partition of the ground region or the time interval, it is not needed to subdivide these features at sufficient precision at once.
After obtaining the grid-region state and grid-constellation state, according to these two relationships, we can decide whether the grid or time interval need to be divided with higher precision and whether the two types of states need to be recomputed when the gird or time range need to be divided. The details of this process are shown in Table 1 .
E. STATE JUDGEMENT OF NET GRIDS 1) CONCEPT OF STATE JUDGEMENT OF NET GRIDS
After the process of state determination, the grid-region state F 1 (R k , R) and grid-constellation state F 2 (R k , C, t) can be obtained. The states can be classified into two categories. The states ''constellation partly covers grid'' or ''region partly contains grid'' are called uncertain states, while the other states are called certain states. If we want to obtain a result, all uncertain states should be translated into certain states. That is to say, the state ''constellation partly covers grid'' must be classified as either ''constellation complete covers grid'' or ''constellation does not cover grid'', and the state ''region partly contains grid'' must be classified as either ''region completely contains grid'' or ''region does not contain grid''.
So some strategies must be advanced to dispose of uncertain states. This process is called the state judgement, and the strategy for state judgement is called the state judgement strategy.
For a grid, a state judgement strategy will yield four different results, including ''the strategy makes the result larger'' (denoted by '>'), ''the strategy makes the result smaller'' (denoted by '<'), ''the strategy has no influence on the result'' (denoted by '=') and ''the influence of strategy is unknown'' (denoted by '?'). The influence of the state judgement of the net grid is presented in Table 2 .
From Table 2 , it obvious that there is no state determination strategy that has no influence in all conditions as long as the state R k | R or the R k | C exists. If we want to incorporate the traditional GPA into this framework, the traditional GPA can be seen as the GPA with the following state determination strategy: 1) If the grid characteristic point of the net grid belongs to the ground region, then the grid is judged to be completely contained by the region; otherwise, the grid is judged as not being contained by the region. 2) If the grid characteristic point of the net grid is covered by the constellation, then the grid is judged to be completely covered by the region; otherwise, the grid is judged not to be covered by the region (the relevant situation is shown in Figure 2 ). By Table 2 , we can see that the influence of this state judgement strategy is unknown.
In the event that influence on the result is inevitable, compared with unknown influence, we would prefer ''the strategy makes the result larger'' and ''the strategy makes the result lower'', for these conditions can provide us with the upper bound and lower bound of the actual value. Table 2 illustrates that there exists a state determination strategy that makes the result larger in all cases and also that there exists a state determination strategy that makes the result smaller in all cases. These two state determination strategies are called the upper state judgement strategy and the lower state judgement strategy, respectively.
2) THE UPPER AND LOWER STATE JUDGEMENT STRATEGIES
The upper bound of the coverage result is not simply the ratio of the upper bound of the covered region to the lower bound of the total region. For example, if R k | R and R k ⊂ C (t), the correct strategy for the upper result is that R k⊂ R and R k⊂ C , rather than R kˆ ⊂R and R k⊂ C . The same applies for the lower bound of the coverage result.
Then, according to Table 2 , the lower state determination strategies are shown in Table 3 .
The upper state judgement strategies are shown in Table 4 .
F. THE COMPUTATION OF THE COVERAGE RATE FOR IMPROVED GPA
After the state determination and state judgement processes, each grid has a coverage state. Then, the statistics on the state of all the net grids are needed. According to Eq. 3, the equation of the coverage rate can be expressed as follows:
where γ k and δ k are the characteristic functions of the gridregion state and the grid-constellation state, respectively, the definitions of which are as follows:
In comparison with Eq. 4, the Eq. 31 has two great differences. 1) Eq. 31 is the proportion of ground area, while Eq. 4 is the ratio of two numbers. 2) the characteristic functions the of grid-region state and grid-constellation state use a state judgment strategy. Different strategies can be matched to obtain results with different characteristics.
The characteristic functions for the upper and lower state judgment strategy are as follows:
γ inf k and δ inf k are characteristic functions, the rule for which is shown in Table 3 , while γ inf k and δ inf k are characteristic functions, the rule for which is shown in Table 4 . Thus, we have the upper and lower coverage rate for the coverage problems.
IV. EXPERIMENTS
In this section we analyze a Walker-Delta constellation with configuration of (T/P/F) = (36/4/1). All satellites in the constellation are in a circular orbit and have the same altitude of 1300 km and the same inclination of 45 • . The ground region is a latitude zonal region, the latitude interval of which is [ The accuracy of the result depends on the precision of the parameters. To measure the precision of ground region parameter, the definition of partition precision is given:
Definition 3 (Partition Precision (PP)): It is defined as the ratio of 1km to the square root of the net grid. For example, if the area of the sub-region is κ, the corresponding PP can be obtained by In the experiments, the effect of the time precision and the partition precision is considered simultaneously, and the time precision is setting as changing with the increase of the partition precision. So the partition precision is treaded as explicit parameter and the time precision can be seen as the dependent variable changing with partition.
In the following subsections, we will compare the improved GPA with the traditional GPA from the point of view of algorithm performance and algorithm efficiency.
A. INSTANTANEOUS COVERAGE PROBLEM
For the instantaneous coverage problem, consider that every satellite carries a simple conic sensor with a view angle of 45 • . The comparison results of the upper and lower bounds of the improved GPA and those of the traditional GPA are as in Figure 9 .
In Figure 9 (a), for the improved GPA, we can see that when the partition precision is very low, the gap between the upper and lower bound is very large, which means that the result has low accuracy. With increase of the partition precision, the upper and lower bound become closer to each other. The result of the traditional GPA exhibits some fluctuations when partition precision is very low, but the result does not go beyond the coverage rate of the upper or lower bound, no matter the value of the partition precision. The three results will converge to each other with increasing partition precision. Figure 9(b) shows the variation of computation time of the traditional GPA and the improved GPA. We can see that for traditional GPA, the computation time increases quadratically, while for the improved GPA, when the partition precision increases 100-fold, the computation time only increases approximately 10-fold.
The results indicate the correctness and efficiency of the GPA computing strategy for the instantaneous coverage problem.
B. CONTINUOUS COVERAGE PROBLEM
For the continuous coverage problem, four experiments are given when viewing angles are 50 • , 52 • , 54 • , 55 • separately (denoted by β). Generally speaking, the characteristic of every figure in Figure 10 (a) is similar with those of instantaneous coverage problems.
As can be seen from Figure 12 , the characteristics of the three curves are similar for different sensor viewing angles. When the partition precision is little, the traditional GPA shows a large fluctuation, but with the increasing of calculation precision, the fluctuation amplitude decreases gradually. There are a large difference between the results of the upper and lower bounds when configuring low calculation precision for improved GPA. As the calculation precision increases, the difference between the results of the upper and lower bounds gradually decreases. And when the partition precision is larger than 1, the traditional grid point method, can improve the grid point of the upper and lower bounds, and the three converge to the same value.
In Figure 12 , the computation time increases cubically for traditional GPA, while for improved GPA, when the partition precision increase 100-fold, the computation time only increases about 20-fold.
The results indicate the correctness and efficiency of the GPA computing strategy for the accumulative coverage problem. The characteristics shown in Figure 11 are similar with those of instantaneous coverage problems and continuous coverage problems.
In Figure 13 , the computation time increases cubically for traditional GPA, while for the improved GPA, when the partition precision increases 100-fold, the computation time only increases approximately 20-fold, which is a rate of increase that is nearly synchronous with that of continuous coverage problems.
These results indicate the correctness and efficiency of the GPA computing strategy in accumulative coverage problems. 
D. DISCUSSION
Simulation experiments for a group of coverage problems were conducted and the results indicate the effectiveness and efficiency. From the above simulation results, we can see that for any coverage problem, the upper bound and lower bound of the coverage result converge to the real value when the partition precision is high.
In order to realistic analyze the non-instantaneous coverage capacity of a constellation, the coverage boundary of the functions are introduced. Actually, the LUCR and GLCR of a coverage problem may have many forms, we only takes one such form. The form of the GLCR for continuous problems and the LUCR for accumulative coverage problems can be further improved.
V. CONCLUSION
In this paper, we improved the traditional GPA. A group of strategies for addressing these drawbacks were proposed. The core strategy comprises three steps: 1) Use the concept of net grids to replace grid characteristic points. All our analyses in this paper are based on the concept of net grids.
2) For any coverage problem, the upper and lower bounds are computed instead of only a calculated value. It not only yields a calculated value but also the error range between the calculated value and the real value. 3) In discretizing a ground region or time range, the partition procedure is conducted step by step instead of partitioning at sufficient precision all at once. The recursion strategy can be used to reduce the computational complexity.
These strategies proposed in this paper have three effects on the algorithm, including improving the efficiency, reducing the spatial complexity of the algorithm, and making the results more precise. The strategies retain the advantages of the improved GPA, which has a wide scope of application, while simultaneously overcoming some drawbacks of GPA and improving the computational efficiency, thus increasing the applicability of GPA.
In analyzing the non-instantaneous coverage problem, we use the boundary theory to represent a constellation coverage range in a time interval that we called LUCR and GLCR, respectively. It efficiently gives a realistic result of the coverage capacity of a constellation.
The work of this article can provide reference for the design of other coverage calculation approaches, and can provide basis for solving satellite constellation design problems and constellation scheduling problems.
In addition, in subsequent work, more appropriate forms of LUCR and GLCR can be explored and studied.
